We investigate the dynamics of photon echo exhibited by exciton-plasmon systems under strong coupling conditions. Using a self-consistent model based on coupled Maxwell-Bloch equations we investigate femtosecond time dynamics of ensembles of interacting molecules optically coupled to surface plasmon supporting materials. It is shown that observed photon echoes under two pulse pump-probe sequence are highly dependent on various material parameters such as molecular concentration and periodicity. Simulations of photon echoes in exciton-plasmon materials reveal a unique signature of the strong exciton-plasmon coupling, namely a double-peak structure in spectra of recorded echo signals. This phenomenon is shown to be related to hybrid states (upper and lower polaritons) in exciton-plasmon systems under strong coupling conditions. It is also demonstrated that the double-peak echo is highly sensitive to mild deviations of the coupling from resonant conditions making it a great tool for ultrafast probes. * maxim.sukharev@asu.edu 1 arXiv:1611.00053v2 [cond-mat.mes-hall]
I. INTRODUCTION
revealed as diminished intensity of the echo [17] . For example, as the delay in applying the π pulse increases, the natural lifetime of the emitters causes all of their oscillations to decrease, resulting in an echo with lower intensity. Thus a time and frequency structure of a detected photon echo contains important information about a probed system. Additionally, the recovery of a time signal after dephasing offers prospects for memory storage. In [18] , the optical properties are copied to a spin system whose lifetime is much longer than that of the optical system thus extending the duration of the system's memory.
Our major interest in this paper is to test a concept of photon echo in strongly coupled exciton-plasmon systems in order to understand any new features unique to the strong coupling regime. First, we briefly overview the numerical model used. Next, we consider the application of a π/2 pulse to a 1-D ensemble followed by application of a π pulse generating a photon echo signal. The density of molecules in this ensemble is varied and the strength of the echo is considered in terms of the transmission and reflection of the ensemble. Finally, we investigate the photon echo of two exciton-plasmon systems, namely a periodic array of slits and a core-shell nanoparticle, each combined with inhomogeneously broadened molecules.
II. MODEL
The time dynamics of molecules is described by the Liouville equation
where k corresponds to the index of a specific transition energy, ω 0k , of a given molecule at a given spatial position,ρ k is the single-molecule density matrix,Γ describes relaxation processes, andĤ k is the Hamiltonian of a single molecule with a dipole moment operator µ k interacting with a local electric field
here the field-free Hamiltonian for a molecule with energy index k isĤ 0 = ω 0k |k k|.
The dynamics of the electric field, E, is governed by corresponding Maxwell's equations as discussed below.
We consider an ensemble of two-level molecules explicitly including the inhomogeneous broadening (IB) described by the Gaussian distribution G k
where G 0 is the normalization constant, ω C is the energy corresponding to the maximum in the Gaussian distribution, and ∆ω characterizes the full width at half-maximum (FWHM) of the distribution, which describes how broad a given IB is. Specific values of ∆ω in this work are: "narrow" is 0.136 eV, "intermediate" is 0.188 eV, and "broad" is 0.236 eV. The distribution (3) is normalized such that
The expectation value of the dipole moment is calculated as a sum over all molecular transition frequencies
The macroscopic polarization, P , is calculated according to P = n a µ , where n a is the number density of molecules. The polarization current, J p = d P /dt, is subsequently inserted into Maxwell's equations, the solutions of which at a give time and spatial positions are then used to update macroscopic polarization. The following set of parameters describing a molecule is used in this paper: the transition dipole moment is 10 Debye, the radiationless lifetime of the excited state is 1 ps, and the pure dephasing time is 800 fs.
To model electromagnetic (EM) wave propagation and its interaction with molecules and metal in time and space in addition to the Bloch equations (1) we numerically integrate
Maxwell's equations employing the finite-difference time-domain method (FDTD) [19] ∂ B ∂t
where µ 0 and 0 are the permeability and the permittivity of free space, respectively, B is the magnetic field, J corresponds to the current density in spatial regions occupied by metal and polarization current in regions filled with molecules, r is the relative permittivity at a given spatial position (1 for vacuum, see below).
To account for the material dispersion of metal we employ the Drude model
where ω p is the plasma frequency, γ is the phenomenological damping, and r is the highfrequency limit of the dielectric function. For silver, we use the following parameters [20] : 
Coupled equations (1), (6a), (6b), and (8) are solved self-consistently using home-built codes. The numerical convergence is achieved for the grid with δx = 1 nm and a time step of δt = 1.67.
It should be noted that inevitable discretization of the transition energy distribution (3) results in unphysical rephasing which must be carefully monitored in all simulations in order to avoid spurious numerical artifacts. In brief, after initial excitation of the molecular system, free induction decay occurs followed by a numerical rephasing after a delay which is proportional to the 1/δω, where δω is the discretization step in (3). The rephasing is obviously unphysical for a realistic number of molecules (i.e. continuous transition frequency distribution with the revival time being infinite [13] ). In all our simulations we use an energy step δω no larger than 0.01 eV, corresponding to a revival time of 400 fs or longer.
III. RESULTS AND DISCUSSION
First we consider noninteracting molecules driven by linearly polarized incident field, the polarization current dP/dt calculated in the direction of the incident field polarization is used as an indication of rephasing. We employ the two-pulse pump-probe photon echo sequence as illustrated in Fig. 1d . τ 1 corresponds to the time between the maximum of the π/2 pulse and the π pulse, and τ 2 corresponds to the time between the maximum of the π pulse and the maximum of the echo. These times are roughly equal as they should be [15] . The duration and amplitude of the π/2 pulse are such that it drives the density matrix element ρ 11 of a molecule (whose transition energy corresponds to ω C ) to 0.5. The π pulse completely inverts the molecule. Molecules are excited by a π/2 pulse polarizing the sample, which then undergoes dephasing resulting in observed free induction decay. A π pulse is then applied, and the maximum of the photon echo signal is observed at time τ 1 + τ 2 . Using these simulations as a test case we verified our numerical procedure and proceed to the case of interacting molecules.
The ensemble considered thus far has been a collection of noninteracting molecules. In order to determine the influence of collective effects on the echo amplitude and its form, we employ Maxwell-Bloch formalism applied to the one-dimensional thin molecular layer as depicted in Fig. 1a . By integrating coupled Maxwell-Bloch equations we allow molecules to interact via emission and absorption of EM radiation. We first examined the main results of Ref. [21] for the molecules with IB calculating the transmission, T , and reflection, R (not shown). Both T and R expectedly broaden and flatten as the inhomogeneous broadening is introduced and further increased. The transmission decreases toward 0 and the reflection increases toward 1 as the density increases, both are expected results as at high densities the electric susceptibility near central frequency ω C becomes negative indicating the fact that the molecules oscillate out-of-phase with respect to the incident field thus efficiently canceling it out inside the sample [22] . Distortion is observed on the edges of the spectral features due to increasing interference between the reflected signals from varying depths of the ensemble.
We apply the π/2-π-pulse sequence tuned to the central frequency of a single molecule set at ω C = 2.0 eV, then record the energy of the echo signal. The signal is calculated as an integral of the electric field intensity over time on both the input (reflection) and output (transmission) sides of the molecular layer. Simulations are performed for several densities, molecular layer thicknesses, and values of inhomogeneous broadening. The results are shown in Fig. 2 . On both sides of the ensemble, the echo amplitude increases with the density for lower densities but, in many instances, decreases sharply at higher densities.
This can be understood in terms of how the transmission and reflection of the ensemble vary with density. At higher densities, the reflection approaches 1 and the transmission becomes very small as discussed above. Thus, the driving fields do not make it as far into the ensemble for higher densities making photon echo signal lower as not all molecules completely re-phase and therefore reducing the macroscopic polarization, which in turn reduces the intensity of photon echo. Another interesting observation is that there is obviously an optimal molecular density, at which the energy of photon echo detected on the output side has a global maximum. This is explained below.
A snapshot of the molecular population as a function of the position is shown in Fig. 3 .
The pulse travels from left to right, and the ground state population along the ensemble is calculated immediately after the π/2 pulse passes through the ensemble. It is seen that, for a higher density, the ground state population ρ 11 approaches 1 as we look farther into the ensemble; the local EM fields are smaller and therefore do not drive the molecules through complete π/2 cycle. With this in mind, it makes sense that the echo on the output side drops off at higher densities: more and more of the ensemble (toward the output side) ceases to participate in the echo at higher densities, and the echo from the input side is not able to travel through the ensemble to the output side. Thus, the echo increases with increasing density until reflection increases significantly, disrupting the echo process throughout the ensemble. The input side is somewhat more complicated, as there is obvious interference between incoming and outgoing reflected waves, and the reflected waves from lesser depths interfere with reflected waves from deeper regions of the ensemble. Furthermore, the ensemble is driven by high fields on resonance, leading to higher dispersion and as a result the low group velocity. The latter results in high spatially modulated populations which obviously have a significant effect on the generation of a photon echo [23] .
We now turn our attention to an exciton-plasmon system comprising the periodic array of slits and molecules with inhomogeneous broadening as schematically depicted in Fig. 1b. The bare metallic grating exhibits a set of surface plasmon-polariton (SPP) resonances in the form of enhanced transmission and decreased reflection [24] . For the parameters used we consider the SPP resonance at 2.06 eV as our working mode. The corresponding spatial distribution of EM field is highly localized near slit edges on both input and output sides of the array [25] . The resonant molecules (whose transition energy is 2.06 eV) with no inhomogeneous broadening placed inside a thin layer on top of the array lead to the Rabi splitting of the SPP mode into an upper and lower polariton indicating the strong coupling regime between the SPP field and molecules. However when the molecules exhibit inhomogeneous broadening, the Rabi splitting is still observable but it is significantly broader as one may expect as not all molecules are as strongly coupled compared to the previous case. Nonetheless anticipated broader spectrum one can actually observe significantly higher Rabi splitting. Fig. 4 shows linear transmission spectra for bare slits, the hybrid system with no inhomogeneous broadening, and for the hybrid system whose molecules are inhomogeneously broadened. As seen from Fig. 4 , the Rabi splitting for the hybrid system with no inhomogeneous broadening reaches 180 meV whereas that for a hybrid system with inhomogeneous broadening is 325 meV. This is a surprising result. One would have expected to observe the opposite behavior of the Rabi splitting. However the increase of the splitting in systems with distributed energies is not uncommon. Simulations of optics of exciton-plasmon systems comprised diatomic molecules (described using the full machinery of a ro-vibrational structure for each electronic state) and metal reveal similar tendency [26] . The increase of the exciton-plasmon coupling is observed for the molecules described by two potential energy surfaces with the excited one being a dissociative state, i.e. having a continuum of ro-vibrational states. This in part can be explained by the fact that plasmon resonances are usually quite broad and a wide range of molecular transition energies ω 0k contribute coherently to the coupling. It should also be noted that in our simulations the pure dephasing time is the same for all ω 0k resulting in the same characteristic decay time for all molecules.
We now apply the π/2-π-pulse sequence to the array of slits with molecules on top and record the transverse component of the electric field on both the input and output sides of the system for the extended period of time when the echo is observed. We set central transition frequency ω C to the SPP mode at 2.06 eV. What is seen is very different from the conventional photon echo generated by a 1-D ensemble: the observed echo has a clear double-peaked structure. The frequency-time analysis of the echo signal reveals two peaks as seen in Fig. 6 . We proceed to show that the double-peaked structure has its origins in the interaction between the SPP mode and molecules.
The SPPs are spatially localized to within tens of nanometers of a metal-dielectric interface. In order to ascertain whether our observations of the double peak echo is influenced by surface plasmons, we insert a spacer layer of variable thickness between the molecular film and the slits. As the spacer thickness is increased, the film is moved into progressively weaker plasmon fields leading to a noticeably lower molecule-plasmon coupling. As shown Fig. 4) . As the distance between the molecular layer and metal increases the Rabi splitting gradually decreases eventually leading to a single peak in photon echo as the damping rates begin to surpass the coupling strength between molecules and the SPP mode. We thus conclude that the double peak structure observed in photon echo signals is a unique signature of the upper and lower polaritons that are formed as a result of the strong coupling between SPPs and molecules. To further confirm that the observed double-peaked photon echo signals are exhibited by exciton-plasmon systems under strong coupling conditions we consider a core-shell nanoparticle with a metal core and a shell comprised molecules with inhomogeneous broadening as schematically depicted in Fig. 1c . The bare silver core has a localized plasmon-polariton resonance at 3.59 eV as revealed in calculations of the scattering. We then add resonant molecules with the frequency distribution (3) centered at 3.59 eV with ∆ω = 0.236 eV.
Simulations of the linear response of the core-shell particle show the expected Rabi splitting with hybrid modes at 3.4 eV and 3.6 eV. In order to tune the molecule-plasmon coupling we vary the central energy of the distribution of molecules, ω C . By detuning ω C from the plasmon resonance of the metal core we alter the Rabi splitting. It is expected that the double-peaked photon echo will gradually change its form to a single peak. Fig. 6 shows the results of simulations demonstrating the gradual loss of the double-peaked structure in the echo. The smaller Rabi splitting with larger detuning leads to a single dominant frequency in corresponding Husimi maps. We also performed simulations with variable detuning applied to the hybrid slits system, both by adjusting the molecules' central energy as well as adjusting the slit period (and therefore altering the surface plasmon energy). As expected, the double-peaked structure vanished in each instance as the detuning was increased.
IV. CONCLUSION
We performed rigorous numerical studies of photon echo in exciton-plasmon systems under strong coupling conditions using Maxwell-Bloch formalism. It is shown that photon echoes are highly dependent on materials parameters such as a thickness of molecular layer and molecular density. We have demonstrated that our numerical methods reproduce conventional photon echo signals. We have characterized the echo from a one-dimensional ensemble of interacting molecules in terms of density, ensemble thickness, and the amount of inhomogeneous broadening. It is demonstrated that in one-dimensional systems the echo detected on the output side has an optimal molecular concentration at which the transmitted signal has a maximum energy. To the best of our knowledge it is shown for the first time that applying two-pulse photon echo sequence to exciton-plasmon systems leads to double-peaked echoes. This is demonstrated by different means to be of plasmonic origin, with the double-peaked structure resulting from the hybrid modes of the system (upper and lower polaritons). It is also shown that the unique signature of upper and lower polaritons in photon echoes is highly sensitive to exciton-plasmon coupling making it a great tool for ultrafast optical probes of nanomaterials to further scrutinize fundamentals of light-matter interaction. 
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